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This  note  demonstrates  that  a  certain  class  of  stochastic  problems  for  determination  of
optimal  fertilizer application  rates in the  presence  of fertilizer  carry-over  can  be simplified  to
static, certainly  equivalent problems.  Conditions required  for certainty  equivalence  to hold are:
(1)  fertilizer  carry-over  is agronomically  equivalent  to applied  fertilizer;  and (2)  some addition
of fertilizer  is optimal  in every  decision  period.
The importance  of nitrogen  carry-over
in  determining  optimal  fertilization  rates
has  been  increasingly  recognized  in  the
last  decade.  Kennedy,  et al. used a deter-
ministic  dynamic  programming  (DP)
model  to determine optimal nitrogen  car-
ry-over  and  application  rates  for  grain
sorghum grown in a tropical environment.
Assuming that  carry-over was proportion-
al  to  applied  nitrogen  plus  carry-over  in
the previous  crop year, they  showed  that
the  only  relevant  variable  pertaining  to
future periods  in the  optimization  model
was  the price  of  nitrogen  in the next  pe-
riod.  Thus,  the  solution  to the  determin-
istic  multiperiod  problem  is no more  dif-
ficult  than  comparable  static  problems.
Characteristics  of this deterministic  prob-
lem were further discussed and refined by
Godden and  Helyar,  and  Kennedy.
A  more  sophisticated  nitrogen  carry-
over study was reported by Stauber, et al.
In  this  study  they  recognized  the  influ-
ence of  precipitation  during  the growing
season  on nitrogen carry-over in grass pas-
tures.  Since  they  treated  precipitation  as
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a  stochastic  variable,  stochastic  dynamic
programming  (DP)  was  used to  obtain  a
decision  rule  regarding  nitrogen  applica-
tion.  Because  of  the  stochastic  nature  of
their  problem  and  because  nitrogen  ap-
plication costs influenced the decision rule,
they  were not able to  exploit the simplic-
ity  of the Kennedy et  al. solution.
This  note  extends  the  Kennedy  et  al.
model to include stochastic prices and sto-
chastic influences  on  fertilizer carry-over.
Assuming that application  costs do not in-
fluence the decision  rule,  which is  a  real-
istic  assumption  for many  problems,  and
assuming  that carry-over  is a  function  of
fertilizer  applied  plus  carry-over  in  the
previous  crop  year,  it will  be  shown  that
the solution to the stochastic  problem  can
be obtained  by solving  a relatively simple
deterministic  problem.  In  the  determin-
istic optimization  problem,  the  only rele-
vant variables pertaining to future periods
are the conditional  expectations  of  fertil-
izer cost and carry-over in the next season.
Thus,  it will  be shown  that  a type of  cer-
tainty equivalence  (CE) holds for this par-
ticular  problem.  It  should  be  noted  that
this type of CE is much different from the
CE theorems of Simon and Theil.  The CE
nature of the problem  will  be inductively
proven using  stochastic  DP.
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The Model
The  technical  foundation  of  this  prob-
lem  is  mathematically  given  by  a  sto-
chastic  production  function,  a  stochastic
carry-over  function,  and  a  total  available
fertilizer  identity.  Let  these  technical  re-
lationships be  respectively  denoted by
(1)
Rt+  =  ht(Nt, 1t)  (2)
Nt,  At + Rt (3)
where  Yt  is  crop yield  in  growing  season
t, Nt is total available fertilizer, Rt is carry-
over fertilizer,  At  is applied  fertilizer,  and
Et  and  t are random  variables.
Given  that  the  decision  maker  desires
to  maximize  the  expected  present  value
of  profit,  the  DP  recursive  equation  for
this  problem  is
Ft(Rt,  Pt,  rt)
= MAX  E[ptyt(N,,  et)  - rtAt
At
+  /Ft+l(Rt+,  Pt+l,  rt+,)]
= MAX  W,
At
(4)
where  the  maximization  in  (4)  is  subject
to  (2)  and  (3).  Ft(Rt,pt,r,)  is  the  optimal
expected  present  value  of  profit  for  pe-
riods  t  through  the  end  of  the  decision
horizon,  T; E  is  the expectation  operator,
pt  is  product  price,  rt is  the  unit  cost  of
applied  fertilizer,  and  0  is the  time  pref-
erence  discount  factor.  For  generality,
prices in future time periods  are assumed
to be  stochastic  variables  that may  be in-
dependent  of  past  and  current  prices,  or
they  may  have  an  nth  order  Markovian
structure.  In the derivations that follow, it
is  assumed  that  prices  have  a  first-order
Markovian  structure,  but CE holds  in the
other cases  as well.  Since  stochastic  prices
have  a  Markovian  structure,  they  are
treated as state variables  in  (4) along with
the stochastic  state variable  Rt.1
If future prices are independent of past and current
prices,  prices  will  be  arguments  rather  than  state
variables  in DP recursive equation  (4).
To inductively  show  CE  for this prob-
lem, begin with recursive equation  (4) for
the  last  period  in  the  planning  horizon.
Assuming no terminal value and assuming
that current  prices  are  known,  expansion
of the expectation  operator  in  (4)  for  the
last period,  T, gives2
FT(RT,  PT,  rT)
=  MAX  [PTT(NT)  - rTAT]  (5)
At
where yT(NT)  is the expected value of pro-
duction  function  (1).  Assuming  that  YT()
is  once  continuously  differentiable  and
strictly  concave,  the  optimal  level  of  ap-
plied  fertilizer,  AT*,  can  be  obtained  by
solving the first-order condition
OWT  OYT  ONT dT  PdNId·r T = 0.
O9AT  ONT  OAT (6)
From identity  (3) it can be seen that (dNt/
OAt)  =  1; hence,  (6) becomes
aWT  dy  T
A=  PT  - rT =  0.
OAT NT-
(7)
Since (OdT/dNT)  in (7) depends only on NT,
let the solution to this equation be denoted
by
NT*  =  fT(PT,  rT)  =  AT*  +  RT. (8)
Substituting (8) into the right-hand side of
(5)  gives
FT(RT,  PT,  rT)=  PTYT(fT(PT,  rT))
- rTfT(PT,  rT)  +  rTRT.  (9)
Note  that from  (9)  we  have  (OFT/ORT)=
rT,  which states that the marginal net val-
ue  of  carry-over  fertilizer  in  the  last pe-
riod  is,  as  expected,  the  cost  of  applied
fertilizer.
Consider  now  the  DP  recursive  equa-
tion for the next-to-last period in the plan-
ning horizon
2 If product  price  is  not known  with certainty  when
fertilizer  must  be  applied,  PT  should  be  replaced
with  E(pT),  and  pT-1  should  replace  PT  as  a  state
variable  in (5).  Assuming a terminal  value function,
FT+1(RT+1),  will  not  affect  the  results  given  in this
paper,  except  for the last  decision  period.
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FT-1(Rt-1, PT-1,  rT-1)
=  MAX  [PT-IYT-i(NT-1)  - rT-iAT-1
AT-1
+  3E[pTyT(fT(pT,  rT))]
- 3E[rTfT(PT,  rT)]
+  3E[rTRT]]. (10)
Since the third and  fourth additive terms
on  the right-hand  side  of  (10)  do not  in-
fluence AT_1*,  (i.e., the terms are indepen-
dent  of  RT-1),  this  equation  will  be  sim-
plified to
FT-  (RT-1,  PT-1,  rT-1)
=  MAX  [PT-iYT-1(NT-1)  r-  r-iAT-1
AT-I
+  kT  +  /3E(rTRT)]  (11)
where k, = E(pyt,(')  - rtft()) for all  t.
Introducing  conditional  expectations
and  assuming  that  carry-over  fertilizer  is
independent of the price of fertilizer,  (11)
can  be expressed  as
FT-I(RT-1,  PT-I  rT-1)
= MAX  [PT-IYT-1(NT-1)
AT-1
- rT--AT--  +  kT
+  3E(rT IrT-1)
E(RT I NT-1)]  (12)
Assuming  that  E(RTI NT-1)  is once  contin-
uously  differentiable  and  weakly concave
in  NT-1,  solution  to  the  maximization  in
(12)  is given by
aWT- 1 dyT-1
OAT-1  N  PT-1  NT1
rT-1
OE(RT I NT-I)
+  3E(rrT  -1)  O  NT
aNT-1
=  0
which has  a solution  of the form
NT-I*  =  fT--(PT--1,  rT-1)
=  AT-1*  +  RT 1
Substituting  (14)  into the  right-hand
of  (12)  for  NT-1  and AT-1  gives
FT-i(RT-1,  PT-i,  rT-1)
= PT-iYT-l(fT-1(PT-1,  rT-1))
- rT-_fT-1(PT-1,  rT-1)
+  rT-1  RT-1  +  3kT
+  3E(rTIrT-1)
E(RT |fT-1 (PT-1,  rT-1)). (15)
Letting  ht(-)  denote  the  expected  value
ht(-),  we  see that
E(RT | fT-1(PT-1,  rT-1))
= E(hT-_(NT-i,  _T-,))
= hT-1(fT-i(PT-1,  rT-1))'
Since  ht(')  does  not  depend  on  RT-1,  (15)
can be simplified  to
FT-I(RT-1,  PT-1  rT-l)
CT-1  +  rT-1RT-1  (16)
where
CT-i  =  E(kT +  kT-1)
+  f3E(rT | rT-_)E(RT | fT-1(PT-lrT-1)),
which is  independent  of  RT-1
Continuing  the  derivation  given
(10)-(16)  backwards  through  time,  it
lows by  induction  that
by
fol-
Ft(Rt,pt,rt)  = ct +  rtR t (17)
for any t<T. Thus, the solution to the sto-
chastic  optimization  problem  for any  pe-
riod  except  the  last  can  be  obtained  by
solving  the deterministic  problem
Pt-  - rt  +  E(rt+l I  rt,) PNt  ON,
0  (18)
for Nt* and thus A,*.  Notice that  (18) does
not  have  to  be  solved  for  every  possible
value  of  Rt  as  is  the  case  with  most  DP
problems;  rather,  (18)  needs to  be  solved
(13)  for only one value  of  R, (the actual carry-
over to the period  t for which the optimal
application  is to be determined)  as long as
this  value  is  less  than  N,*.  Furthermore,
solution  of  (18)  is  necessary  only  for  the
)  time  period  for  which  the  application  is
side  to  be determined,  rather  than for  a  suffi-
ciently  large  number  of  time  periods  to
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assure convergence  of the decision rule  as
in the standard  DP  model.
The  results  presented  in  this  note  can
be  generalized  to  include  static  decision
variables  as  arguments  in  the production
function,  (1),  and the carry-over  function,
(2).  Using  the logic outlined above,  it fol-
lows  that  the  solution  to  this generalized
problem  can  be  obtained  by  simulta-
neously  solving  the  following  system  of
equations for Nt* and optimal levels of the
static factor,  Xt*
Pta  - rt  +  E(rt+l  rt) t =  0
yt  +  E(r  r)  (19)h
pt-  - vt +  xE(rt+x  I  rt)  - 0  (19)
dXt  dXt
where vt  is the unit price of the static fac-
tor,  Xt.
Remarks
The  certainty  equivalence  results  pre-
sented in this paper also hold for a goal of
maximizing the utility of a stream of prof-
it flows  if the  utility function  satisfies  the
usual  curvature  and  differentiability
properties  and  if  the  technical  relation-
ships have the error structure given by (1)
and  (2).  This  assertion  can  be  proven  by
specifying the utility counterpart to equa-
tion  (4)  through  (18);  however,  because
the  random  variables  enter  the  utility
counterpart  to (4)  in a  nonlinear  manner,
it  is  best  to  view  the  expectation  opera-
tions in their integral form. Since this proof
involves extensive  notation, it is left to the
interested  reader.
This  note  presented  a  certainty  equiv-
alence  formulation  for  determination  of
optimal  fertilizer  application  rates  given
a common type of carry-over relationship.
It was shown that a DP recursive equation
needs  to  be  solved  only  for  one time  pe-
riod,  (t),  and  only  for one  level  of carry-
over  fertilizer,  Rt. Thus,  obtaining  a deci-
sion  rule  for a  problem  characterized  by
the  structure  of  (1),  (2),  and  (3)  is  no
more  difficult  than  determining  an  opti-
mal  input rate  for  most static,  determin-
istic  problems  that  use  similar  functional
forms.
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